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Abstract This paper explores the optimal control of quantum state transformations
in finite-dimensional quantum systems by a sequence of non-selective projective mea-
surements. In our schemes, the projectors of each measurement are represented by a
unitary matrix. Through variational analysis of the objective function over the unitary
group, the necessary condition for a measurement sequence to be a critical point of
the underlying state transformation objective is found to be a highly symmetric form
as a chain of equalities. Since these equality relations are generally difficult to solve
analytically, we focus on the fundamental case employing a single measurement, in
which analytical solutions for maximizing the state transformation probability are
found between pure states, or between mixed and pure states, or between orthogonal
mixed states under two typical type of measurements. These results suggest a new way
of designing optimal quantum dynamics control strategies by quantum measurements.
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1 Introduction

The control of quantum processes is a thriving area of research, both theoretically
[1-5] and experimentally [6,7]. So far, most studies have been concerned with coher-
ent manipulation of quantum dynamics, but recently other incoherent driving forces,
such as laser noise, decoherence from the environment, and quantum observations,
have drawn attention. In contrast to the natural expectation that the influence of inco-
herent forces will be deleterious toward achieving desired control [8], recent studies
[9,10] have shown that controlled quantum dynamics can survive intense field noise
and decoherence, and can even cooperate with them under special circumstances [11].
With these observations, it is possible to enhance the target goal more effectively with
the help of laser noise and environmental decoherence.

It is well-known that both the outcome and back-action of quantum measurements
can be employed to control quantum processes. In the standard closed-loop optimal
control experiments [12], the quantum system is non-selectively measured at the end
of the controlled quantum evolution trials, and the recorded outcome is processed by
a learning algorithm to further optimize the laser pulse. Quantum measurements were
also applied to map an unknown mixed state to some target pure state [ 13] by exploiting
the resultant back action based on which coherent control can be selectively performed
[14], and shown to be necessary in some laser control [15], dephasing decoherence
control [16] and incoherent control problems [17]. One can also achieve quantum
control using continuous measurements, e.g., the control of the population branch-
ing ratio between two degenerate states [18]. In [19,20], the effect of non optimized
measurements upon control by lasers was investigated.

Numerical simulations have been carried out to investigate the ability of manip-
ulating quantum dynamics by quantum measurements [21]. Optimal coherent
control fields were shown to be capable of cooperating or fighting with quantum
measurements to achieve a good yield, and the performance may be optimized so
as to more effectively control the quantum dynamics. Quantum measurements can
also increase the controllability of a quantum system by breaking dynamical sym-
metries, e.g., the quantum Zeno and anti-Zeno effects. In the absence of an active
coherent control, instantaneous projective measurements were shown to be capable of
driving population transfer in a two-level system, and a scheme for maximal popula-
tion transfer was found under an arbitrary finite number of measurements, where the
quantum anti-Zeno effect can be recovered in the limit of continuous measurements
[22,23].

This paper will explore measurement induced quantum state control in more gen-
eral finite-dimensional quantum systems, in which the problem is more complex and
has richer features. The paper is organized as follows. In Sect. 2, we introduce some
basic concepts and notation about non-selective measurements and formulate the tar-
get function. In Sect. 3, we parametrize a class of equivalent measurements by a unitary
matrix, for which a variational analysis can be done over the unitary group. Section 4
analyzes some physically interesting examples with a single projective measurement,
including the maximal transformation probability between two pure states, between
a pure state and a mixed state, and between two orthogonal mixed states. Concluding
remarks are presented in Sect. 5.
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2 Quantum control by projective measurements

Consider a general N-level quantum system, with p being the density operator of
the system, and A is some physical observable to be measured. As A is a Hermitian
operator on the Hilbert space, we can express the self adjoint operator A as

n
A= aP, ()

i=1

where each P; is a projection operator onto the eigenspace corresponding to the eigen-
value a;. The projection operators satisfy

P;Pj = §;; P; (2a)
n

> p=1 (2b)

i=1

The result a; of a selective projective measurement of A is obtained with probability
pi = TrP;pog, where py is the state of the system before the measurement. The state
of the system collapses to P;pgP;/p; after the selective measurement, if the result
reads a;. If the measurement result is discarded, then the measurement becomes a
non-selective one, and the system state after the measurement is the average of all
possible outcomes

M (p) =D PipoPi. 3)

i=1

As we can see from the formalism, an important effect of the quantum measurement
is that it generally changes the quantum state. This is usually taken as an inevitable
disturbance of the system. However, the measurement can also be employed to actively
control the quantum system dynamics. Suppose that we can perform m projective mea-
surements within some time interval, and represent the k-th measurement by M ®

characterized by nj projectors {Piik)}, ix =1, ..., ng, which satisfy
k) 5k k
PZE{ P = = 8., P (4a)
Z P = (4b)

ir=1
If the measurement M®) is nonselective, then the quantum state changes from pg

to M® (pg) = sz lP(k) 00 Pl.ik). After successively performing the measurements
MDD MDD M the final resultant pf becomes:
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o= M(m)./\/l(m_l)..../\/l(l)(p())
Nm
1 1
=> .. ZP(’”) PPV P 5)

lm—l l|—]

Consider the objective of driving the system from some initial state pg to a final state
0, or maximing the expectation value of some desired quantum observable 6, where
we set our goal as choosing th ® i = =
goal as choosing the proper sequenced operators P ik = ,...,nk, k=

1, ..., m to maximize the target function

ny >’

A L RR LR L

Nm
=Tr|0> .. ZP('") P Ppo PV P (©6)

im=1 i1=1

The general case could include a coherent external field for additional control. We
also neglect the free evolution between measurements, which is easy to include via
a transformation between the Schrdinger picture and interaction picture, as discussed
before [23]. For simple 2-level quantum systems, with the help of Pauli matrices, a
complete analytical solution is found including explicit expressions for the optimal
measured observables and for the maximal objective value given any expected sys-
tem state, any initial system density matrix, and any number of measurements [22].
However, for general N-level quantum systems, N > 2, the analysis is much more
difficult, and further study is necessary.

3 Necessary condition for optimal projective measurements

In an N-dimensional Hilbert space, the n projectors {P;}, i = 1, ..., n, which char-
acterize a single measurement M, are orthogonal and commutable,

P;P;j=PjP; =0, fori#j. @)

so there exists a unitary matrix U which can diagonize all the projectors simulta-
neously,

P=ULU', i=1,...,n. ®)

Here {1, ..., I} are diagonal matrices whose diagonal elements are either 1 or 0,
and the summation of all /; is the identity operator in the N-dimensional space,

ZI_U'(ZP) )

i=1
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because the projectors {P;},i = 1, ..., n, are complete (Eq. 2b). Consequently, quan-
tum measurements could be classified by the set of diagonal matrices {Iy, ..., I,}.
In the same class, the corresponding projectors are equivalent up to multiplication by
a unitary matrix. Hence, a measurement M®) in a class can be characterized by a
unitary matrix Uy,

= MUpo = ZP(k)pOP(k)

ir=1

ng
k k
= > U VU poUr 1P U] (10)
ir=1
which is more convenient than the nj projectors {Pl.ik)}, ir =1,...,ng. Therefore,

the target yield after being measured for m times can be written as a function of the
unitary matrices

JWUL, ..., U]l =Tr[6MUy) ... M(Uy) pol. an

It should be pointed out that the target yield also depends on {ri(kk) }, the set of ranks of
projectors {Iy ---, I,}

r® = rank (Il.(kk)) = rank (Pi(kk)). (12)

Lk

which has not been optimized in this paper.

Suppose that J achieves the maximum value at &/ = {Uy, ..., Uy}, we can para-
metrize its neighborhood by {e/*41 U1, ..., ¢/¥4nU,,}, where {§ Ay} are arbitrary infin-
itesimal Hermitian matrices, with which we can conveniently calculate the variation
of {Uy} by taking first-order term in the Taylor expansion, and hence that of Pi];i as
below

5P = su VUl + Ut Psuj
= isA ULV U — lUkIl.(kk)U,jSAk
= i[sA. P]. (13)

Then, substituting 5Pl.ik) into §J gives

8J = 8Te[OM(Uy) ... M(Uy)po]

m. Ny

ni
_; m  pD ®]pk-b  ph, pM
=i >R PR [sa RO P R
k=linp=1 ij=1

<P+ p™  pDpph  pEDsa, pPOIPED L pMe)

Im lk—1 Ue+1
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m ni
=i > D T[54k PE | (MWUe) ... MWD PP MUsi) .. MU

k=1 i=1
+M(Uig) ... MU0 PO M(Uir) ... MU po)}, (14)

which leads to the condition for the critical points

8J = iTrZSAk {IMUg) ... MU po, M(Ugs1) ... M(Uy,)0]

k=1
= [MUk-1) ... M(U1) po, M(Up) ... M(Up)01} =0 (15)
For arbitrary Hermitian matrices {§ Ax}, k = 1, ..., m, this implies that

[MUk) ... MU po, MUgy1) ... M(Uy)01
= [MUk=1) ... MU1)po, MUx) ... M(Uy)01, (16)

forall k =1, ..., m, which are a chain of equalities:

[oo, M(Uy) ... M(Up)0]

= [MUp) ... MU po, MUs1) ... M(Up)0]

= [MUn) ... MU1)po, 0]. 7)

These equalities form the necessary condition for optimal measurements to yield a
maximal outcome. Any measurements satisfying these equations can be a maximum,
minimum or a saddle point of the target function.

4 Optimal state transformation by a single quantum measurement

There are many numerical algorithms to optimize the state transformation probabil-
ity [24], but more insight can be obtained from analytical solutions, which will be
discussed in this section. The optimal solutions with an arbitrary number of measure-
ments have been obtained analytically for the transformation between two arbitrary
states in simple two-level quantum systems [22]. However, the extension to general
N-level quantum systems is not trivial. In principle, from the chain of Eq. (16), each
equality has the form of a single measurement case,

(MU pi—1, Om—i] = [pr—1, MUi)Om—i] (18)
for the following initial and final states

Pk—1 = MU-1) ... M(U1)po, (19a)
Om—tk = M Ug+1) ... M(Uy)8. (19b)
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This suggests that the problem for multiple measurements is equivalent to the problem
with a single measurement but between two arbitrary mixed states, even if both the
intial and final states are pure states. However, even the latter equations are not easy
to solve for general N-level quantum systems. To illuminate the nature of the mea-
surement induced control, we restrict ourselves to several physically interesting and
important cases to which analytical solutions are available.

4.1 Transformation between pure states
Consider the transformation between two pure states |«) and |8) induced by one mea-

surement represented by N 1-rank projectors. Then Eq. (16) for a single measurement
can be reduced to:

[MU)p, 0] =[p, MU)0] (20)
in which p = |a) (@] 6 = |B) (B]. The target function J is:

N
J = ilU o) (| U i) G| UTIB) (BI U i)

i=1

lovi 121 8: 1 21)

M=

i=1

where a; = (i|U|a), i = (i|UT|B) and (@|) = S aifi = y.
Calculating the matrix elements of Eq. (20) separately, we can see that:

(g — cgerg) ByBy + (BpBp — Biy) @jotg =0, 1= p.g=N. (22)

If some a, = 0, then we have oo 8,8, = 0, for any other g # p. If further 8, = 0,

then these equations pose no constraints on the remaining o, and B,. Otherwise,

agagBy = 0, which implies that either «; = 0 or B; = 0. This indicates for any
subscript p, a8, = 0 and the corresponding target function J is also 0.

The only case left now is that @, # 0 # B, in which case we can transform

Eq. (22) into

o % B Pi_, (23)
Ay Ol;; ,Bq ﬁ;

Suppose that a, /a, = re? and B,/B, = se'V, then
(s—sil)eiq5 :—(r—ril)e"‘”, (24)
which leads to two possible relationships between any p # ¢:
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. B
D). =45
N (25)
(ii). &= —ﬂ—”
q q

Denote the sets of pairs (p, g) which satisfy (i) by {S;}, pairs in S;, S;i # j
satisfy (ii). If there are more than two such sets, we will find, for example,

Z% = —g%, % = gsl consequently gﬁ which contradicts with the assump-
2 2 3
tion % = 552 Thus, the number of such equivalent sets is at most two.

3

If there is only one set Sy, then it is easy to see that o 8; =y /n, in which n is the

number of non-zero pairs in (¢;, B;), and the value of the target function J is M If
there are two sets S and S, we can easily prove that the norms of all o, are 1dentlcal
as well as those of all 8, and the relative phase between each («,, B)) pair is constant
within each subset. Therefore, we can write «; and §; as:

a= (re?, ... e, ret . e, 0,...,0) (26)
B = (zrie'®, ..., zrie'P, —zre®, .. —zrmeld2, 0, ..., 0)
~————
S S zero part
from which we derive the following equations:
n]rl2 + n2r22 =1
lz12(nir? 4+ nor3) = 1 (27)
2 2
z(niry —nary) =y,

and thereby specify the corresponding critical values of the target function as follows

2, 4 4
J = z|"(nyr{ + nary)

_ (£ |y)? n (1Flyh?
4n, 4ny

(28)

2
It is easy to see that the maximal value is # when n1 = ny = 1. Compared with

the case with only one set S1, whose maximal value occurs when n = 2, we can deter-
2
mine that the global maximum value is 1+|2V| ,1.e., the maximum transition probability

between two pure states (with overlap amplitude |y |) by a single measurement.
In conclusion, the maximal state transition probability between two pure states |o)

and |B) is

1 2
Jmax = w 29)

It is interesting to note that, the maximum of the N-level system is just the same as
that of a simple 2-level system spanned by the initial state |«) and the final state |8),
which has been extensively studied [22,23].
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4.2 Transformation between mixed and pure states

Here we consider the transformation between a mixed state and a pure state, where the
measurement involves only two projectors, P = |v)(v| andits complement Q = [ —P.
Thus, the quantum state will be randomly projected onto the state |v) or into its orthog-
onal subspace after the measurement. Such measurements are interesting for two rea-
sons. Firstly, the measurement procedure produces only two exclusive results, success
or failure, e.g. the test of an unknown state whether it has a certain component char-
acterized by a pure state. Many experiments fall into this category [25]. Secondly, the
resulting maximization problem can be reduced from being on the unitary group to
the Hilbert space, which, as will be seen below, greatly simplifies the derivation.

For this case, Eq. (20) still applies, but here we will present a more direct proof.
Suppose that the desired pure desired state is|1) and the initial mixed state is p, then
after the measurement, the initial state p becomes

p'=PpP+ (I~ P)p(—P), (30)

and our goal is to maximize Tr(p’ |1) (1]). First, we can simplify this problem by
rotating the last N — 1 basis vectors by applying the proper unitary transformation

1 0
U=|:0 U,} a1

that keeps |1) (1| unchanged and changes p into the following form:

o1l P12 P13 -+ PIN
P21 prn 0 - 0
p=|mdn 0 3 0 1 | (32)
: 0 .0
ont 0 - 0 pan

Note that this unitary transform will not change the maximum of Tr(p’ |1) (1]),

Tr(p’ |1) (1) = Te(U T p'UUT 1) (1] U)
=Tr(U(PpP + (I — P)p(I — P))UU 1) (1| U)
=Tr(P'pP + (I — P)p(I — P')|1)(1])
=Tr(p" 1) (1]) (33)

where o' = P'5P' + (I — P)p(I — P’), and P’ = UTPU. Hence we just need to
optimize Tr(o" |1) (1]).
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Let |v) = (x1, x2, X3, ..., xy), which generates the projector P’ = |v) (v|, and
direct calculation shows

Te3' 1) (1) = pur + 210 (1 o+ -+ el vw — i)

+(2 g% — 1) (x1 (3521 + - - + XN ) + c.c.) (34)
5 1\* i 1\* f

= %—kZ((m —5) ,Zﬁ,---,zﬁ,)p((m - E) ,zﬁ,...,z*N)
where z; = x{x;. The function Tr(p" |1) (1) achieves its maximum when ((z; —
%)*, S z*N)T, whose modulus is %, is the eigenvector of p corresponded to its
largest eigenvalue, and the maximum value is w in which {4, } are the eigen-

values of p. The unitary transformation U in Eq. (31) does not change p;; and the

. . L + Max{A; .
eigenvalues of p, so the maximum is just 'O“f{l} where{};} are the eigen-

values of p.
In conclusion, the maximal transformation probability between the mixed state p
and the pure state |8) induced by the measurement is

_ Pmax + (BlplB)

Jmax > (35)
and the vector generating the optimal projector P = |v)(v]| is
v) = |omax) + |8) ’ (36)
llomax) + 18)l

where | pmax) is the eigenvector of p with the largest eigenvalue pmax, and the phase
of |pmax) is fixed by (pmax|B) being real. The maximum yield (i.e., the state trans-
formation probability) only depends on pmax and the overlap of the pure state and
the mixed state. In particular, the value of the maximal yield between two pure states
is same as that produced by N independent projectors, Eq. (29) in Sect. 4.1. However,
numerical simulations show that this might not be true when one of the states is mixed
[26].

4.3 Transformation between orthogonal mixed states

Although the measurement-induced transformation between two arbitrary mixed states
is hard to analyze, the special case of the transformation between two orthogonal mixed
states p and 6 (i.e., tr(pf8) = 0) can be treated. Under the same two-projector mea-
surements, without loss of generality, we assume that the initial state p is diagonalized,
so that

N

0 ="Trpt = Z Prk Ok 37
k=1
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where py; and 0y are all non-negative diagonal elements. As pgi is positive, then Oy
must be zero, and consequently all 6x;, j =1, ..., N have to vanish [27]. Hence, the
initial and desired states can be decomposed into

p=pily® - ®p Lk, ®0- Iy, &0 I, (38a)
OZO'IZki@QIIEIEB"'@G-YIZS@O'IHO (38b)
where the nonzero eigenvalues py, ..., pr, 01, ..., 65 correspond to eigenspaces
Hlp, ..., H, Hf, el Hf, and {Iy,, Ilj} are identity matrices on these eigenspac-

es (k; and [; are the degeneracy of the eigenvalues). In addition, their common zero
eigenspace is denoted by Hy. Again, let the projectorbe P = |v) (v|, the target function
is

J() =Te[(PpP + (I — P)p(I — P))0]
=2([pv)(v]6v) (39)

By introducing a Lagrange multiplier, we have the expanded target function
J(, 1) = (vlp[v)(v|f]v) = A({v|v) — D). (40)

Denote p(v) = (v|p|v) and 6(v) = (v|@]|v), then differentiating J with respect to v
produces

(p()0 +0()p — Alp)[v) = 0. (41)

which implies that each critical point |v) must be an eigenvector of the matrix M (v) =
p(v)0 +6(v)p corresponding to some eigenvalue A. Obviously, the eigenvalue can be
A = 0 or some special values of p;6(v) and 0 p(v). Now we can classify the critical
points into the following cases:

(i) The critical point is the eigenvector of A = 0. If in this case p(v) = 0, then the
corresponding eigenspace of A = 0is Hy® H 10 @®---@® HY, and any unit vector
in this subspace is a critical point corresponding to J = 0. Similarly, any unit
vector in Hy @ H{ @ --- @ H/ is an eigenvector of A = 0 when 6 (v) = 0, and
in this case J = 0. If both p(v) and 6 (v) are nonzero, then v € Hp, in which
case we also have J = 0.

(i) The critical point is an eigenvector of some nonzero eigenvalue, and all non-
zero eigenvalues of M (v), i.e., p;6(v) and 6;p(v), are mutually different. In
this case, we can see that v € Hip (v e H/‘.)) when A = p;0(v) (A = 0;0(v))
and correspondingly 6(v) = 0 (p(v) = 0) and hence J = 0.

(iii)) The critical point is an eigenvector of some nonzero eigenvalue p;0(v) =
0jp(v), whose eigenspace is the direct sum of Hip and H]Q. Suppose that

v = v, +vg where v, € Hip and vg € Hj‘?’, then the equation ;0 (v) = 00 (v)

implies that ||vp||2 = |lug||> = 1/2. Correspondingly, J = %plﬂj and there are
generally rs possible critical values for different p; and 6;. The degeneracy of
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the eigenvalues of p(v) or 6(v) will reduce the number of the critical values
but not the critical values themselves.

In conclusion, the maximum transformation probability between two orthogonal
mixed states p and 6 induced by the measurement is

1
Jmax = Epmaxemam (42)

when the vector |v) in the projector P = |v)(v] is

1
= = max emax . 43
lv) ﬁ(lp ) + |6max)) (43)

Here | pmax) and |6max) are the eigenvectors of p and 6 corresponding to the largest
eigenvalues, pmax and Omax, respectively. The maximum transformation probability is
determined only by pmax and Omax. In particular, if the initial and final states are both
pure states, the resulting maximal yield is 1/2, which conforms to the results obtained
in Sect. 4.1.

5 Conclusions and discussion

We have shown that quantum measurements can be effectively applied to control quan-
tum dynamics. In the case that a finite number of measurements are employed, we have
derived a necessary condition for critical points of the optimal state transition. This
condition is utilized to find the maximal state transformation probability between two
pure states of an N-level quantum system under a single measurement with N indepen-
dent projective operators. Moreover, studies on the control with a two-projector single
measurement provide analytical solutions for the maximal state transition problems
between more general states, including from a mixed state to a pure state, and between
two orthogonal mixed states. These studies are based on the first-order necessary con-
ditions via the variations of the target function. Further second-order analysis on the
corresponding Hessian form will provide more information about the critical points,
and hence a deeper understanding of the complexity of quantum control by optimized
measurements.

In this paper, we are concerned with optimizing the projectors (or corresponding
unitary matrices) within a certain class of measurements to maximize the transfor-
mation probabilities. In addition, numerical simulations have shown that the ranks of
the projectors that classifies the different equivalent classes of measurements are also
essential, on which further studies are needed. Moreover, towards the optimization
with multiple measurements, we need to find a way to analytically solve optimal state
transformation between two arbitrary non-orthogonal mixed states.

Finally, it should be noted that the complexity of the results to some extent originates
from the restrictions on the available measurements (in this paper we consider only
projective measurements). If we can apply arbitrary generalized POVM measurements
[28] defined as M (p) = >_ KipK I.T, where the measurement is represented by the set
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of Kraus operators that satisfy > KZTKZ- = 1, then according to previous studies,
i.e., perfect transformation between two arbitrary states is possible [29]. Moreover,
the search for such global optimal measurements will not be hindered by any locally
maximal suboptimal solutions [30].
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